ORTHOGONALITY OF JACOBI POLYNOMIALS WITH GENERAL PARAMETERS 

A.B.J. KUIJLAARS*, A. MARTi'NEZ-FINKELSHTEINt , AND R. ORIVE* 

Abstract. In this paper we study the orthogonality conditions satisfied by Jacobi polynomials P,!"'''' when the parameters 
a and /3 are not necessarily > —1. We establish orthogonality on a generic closed contour on a Riemann surface. Depending on 
the parameters, this leads to either full orthogonality conditions on a single contour in the plane, or to multiple orthogonality 
conditions on a number of contours in the plane. In all cases we show that the orthogonality conditions characterize the Jacobi 
polynomial P^'^^ of degree n up to a constant factor. 
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1. Introduction. The Jacobi polynomials P^'^^ are given explicitly by 

fc=o V"- / V / 
or, equivalently, by the well-known Rodrigues formula 

1 / rl \ ^ 

Pir'^\z) = - + 1)"'' j [(^ - + 1)"+^] ■ (1-1) 

These expressions show that Pi"'^"* are analytic functions of the parameters a and /3, and thus can be 
considered for general a, (3 G C. 

The classical Jacobi polynomials correspond to parameters a,(3 > —1. For these parameters, the Jacobi 
polynomials are orthogonal on [—1, 1] with respect to the weight function (1 — 2;)"(1 -I- z)*^. As a result, all 
their zeros are simple and belong to the interval (—1, 1). For general Q!,/3, this is no longer valid. Indeed, 
the zeros can be non-real, and there can be multiple zeros. In fact, Pn"'^^ may have a multiple zero at z = 1 
if a G { — !,..., —n}, at z = —1 if/3 G { — !,..., — n} or, even, at z = cxd (which means a degree reduction) if 
n + a + /3 € { — 1, . . . , —n}. 

More precisely, for fc G {1, • ■ • ,n}, we have (see formula (4.22.2)]), 

^ ^" r(n + /3+l-fc) n! [ 2 ) '^^'^ ' ^^'^^ 

This implies in particular that Pn '''^\z) = if additionally max{A;, — /3} < ri < fc — /? — 1. Analogous 
relations hold for P,!"' when Z G {1, . . . , n}. Thus, when both fc, Z G N and k + I < n, we have 

Pi-'^-') (z) = 2-'^-' (z - 1)^= (z + 1)' Pi'Jl, (z) . (1.3) 
Furthermore, when n + a + f3 = — fc G { — 1, . . . , —n}, 

l[k + a) n\ 
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see Eq. (4.22.3)]; see §4.22 of [221 for a more detailed discussion. Formulas l|1.2(l - (|1.4(l allow to exclude 
these special integer parameters from our analysis. 

In this paper we will show that for general a, (3 G C, but excluding some special cases, the Jacobi 
polynomials P^'^^ may still be characterized by orthogonality relations. The case a, (3 > —1 is classical, 
and standard orthogonality on the interval [—1,1] takes place, being the key for the study of many properties 
of Jacobi polynomials. Thus, our goal is to establish orthogonality conditions for the remaining cases. We will 
show that P^"''^'* satisfies orthogonality conditions on certain curves in the complex plane. In some cases the 
orthogonality conditions on a single curve are enough to characterize the Jacobi polynomial, while in others 
a combination of orthogonality conditions on two or three curves is required. This last phenomenon is called 
multiple orthogonality, see e.g. In some particular cases this orthogonality has been established 

before (see e.g. and used in the study of asymptotic behavior of these polynomials ^5^. Similar 

orthogonality conditions, but for Laguerre polynomials, have been applied in in order to study the zero 
distribution in the case of varying parameters, and in j23 | -|24 | . in order to establish the strong asymptotics 
by means of the Riemann-Hilbert techniques. A different kind of orthogonality involving derivatives has 
been found for negative integer values of the parameters of P^'^\ see H-EJ. 

We believe that these new orthogonality conditions can be useful in the study of the zeros of Jacobi 
polynomials. For general Q!,/3 e C the zeros are not confined to the interval [—1,1] but they distribute 
themselves in the complex plane. K. Driver, P. Duren and collaborators ^^"EIIl noted that the behavior of 
these zeros is very well organized, see also We believe that the orthogonality conditions we find, and 
in particular the Riemann-Hilbert problem derived from that (see Section 3 below) can be used to establish 
asymptotic properties of Jacobi polynomials. In particular this could explain the observed behavior of zeros. 

2. Orthogonality on a Riemann surface. Consider the path F encircling the points +1 and —1 first 
in a positive sense and then in a negative sense, as shown in Fig. 12.11 The point ^ G (—1, 1) is the begin and 
endpoint of F. 




Fig. 2.1. Path V. 

For a, (3 £ C, denote 

w{z;a,(3) := (1 - z)"(z + 1)'' = exp[a log(l - z) + /31og(z + 1)]. 

It is a multi-valued function with branch points at oo and ±1. However, if we start with a value of w{z; a, (3) 
at a particular point of F, and extend the definition of w{z;a,P) continuously along F, then we obtain a 
single- valued function w{z;a,(3) on F if we view F as a contour on the Riemann surface for the function 
'w{z;a,f3). For definiteness, we assume that the "starting point" is ^ G (—1,1), and that the branch of w is 
such that w{£^; a, (3) > 0. 

In the sequel we prefer to view F as a subset of the complex plane. Then F has points of self-intersection, 
see Fig. 12.11 At points of self-intersection the value of w{z;a,(3) is not well-defined. 

The following is our main result. It shows that the Jacobi polynomials satisfy non-hermitian orthogo- 
nality conditions on F. 
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Theorem 2.1. Let a, (3 e C, and let T, w{z;a,f3) have the meaning as described above. Then for 
k e {0,1,..., n}, 

P^^^^(t)rvit; a, P) dt = ^ ^ ^ ,)r(^, , ,)r(-n - /3) ' ^'''^ 

Proof. In the proof we use /^'^^ to denote the fc-th derivative of /. 
By the Rodrigues formula , 

p(a,/3) I,. _ Mr + + ^^ 



Integrating in (|2.1|) ti times by parts and using H2.2|l . we get 

2"ri!" 



i'^Pi"^^) (t)«;(i; a, /3) = ^— ^ E ("1)' ^'^^^""^-'^ (i; n + a, n + /?) 



2"n! 

Since w(z;a,/?) is single- valued on F, 



' '"t'']^"''u;(i;n + a,n + /?)dt. 



(2.3) 



= , for < j < n - 1 . 

r 



Thus, if < 71 — 1, all the terms in the right-hand side of H2.3|l vanish, which proves that the integral in H2.1|) 
is for A; = 0, l,...,n — 1. Furthermore, for fc = n, we get 

In[a,f3) := / Pl^°'-f^\t)w{t-a,f3)dt = 2-'' ( w{t;n + a,n + P) dt . 



Observe that In{a, f3) is an analytic function of a and /3, so that we may compute it for a certain range of 
parameters and then extend it analytically elsewhere. Following [23 §12.43], we assume Rea > 0, Re/? > 
and deform the path F, tautening it between —1 and -1-1. Thus, F will become the union of two small circles 
around ±1 and two straight lines along [—1, 1], each piece traversed twice, once in a positive direction and 
once in a negative direction. 

Since the integrand is bounded in the neighborhoods of ±1, /„(a, f3) splits in the following 4 integrals: 

/„(a,/3)=y" /(t)dt-e2"("+") J /(t) + e2'^*("+'3+2") J /(t) - e2"('3+") J f{t)dt, 

where 

f{t) = 2-''vu{t; n + a,n + (3) > for te (-1, 1) . 



Thus, 



(a, /?) = (l - e2"'("+")) (l - 6'"^'^+")) J fit) dt = _4e"'("+'^) sin(™) sin(^/3) J f{t) dt . 



Changing the variable, t = 2x ~ 1, we get immediately the integral defining the beta function, and as a 
consequence 

/„(a,/3) ^ -2--^-3 Tia + n + l)TiP + n + l) 

I {2n + a + p + 2) 
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Using sin(7ra:)r(x)r(l — x) = tt, we obtain (|2.1|l for k — n and for a and /3 with Re a and Re /3 positive. By 
analytic continuation the identity p. 1(1 holds for every a, /3 G C □ 

Observe that the right hand side in (|2.1|) vanishes for A: = n if and only if either —2n — a — (3—2, orn + a 
or n + /3 is a non-negative integer. In some of these cases the zero comes from integrating a single-valued 
and analytic function along a curve in the region of analyticity; other values of a and /3 correspond to the 
special cases mentioned before when there is a zero at ±1. 

3. A Riemann-Hilbert problem for Jacobi polynomials. In this section we construct a Riemann- 
Hilbert problem whose solution is given in terms of the Jacobi polynomials Pn"'^'^ with parameters satisfying 



-n-a~ (3 (^N, and n + a(^N, and n -I- /3 ^ N. (3.1) 

We consider F as a curve in C with three points of self-intersection. We let r° be the curve without the 
points of self-intersection. The orientation of F, see Fig. 12.11 induces a + and — side in a neighborhood of 
F, where the -I- side is on the left while traversing F according to its orientation and the — side is on the 
right. We say that a function F on C \ F has a boundary value Y+{t) for t G F° if the limit of Y{z) as z ^ i 
with z on the -I- side of F exist. Similarly for Y^{t). 

The Riemann-Hilbert problem asks for a 2 x 2 matrix valued function y:C\F^C^^^ such that the 
following four conditions are satisfied. 

(a) Y is analytic on C \ F. 

(b) Y has continuous boundary values on F°, denoted by F+ and F_, such that 



(c) As z oo, 



Y+{t)=Y^{t)fl ^(^S^^'/^)] forieF°. 



(d) Y{z) remains bounded as z f G F \ F°. 

This Riemann-Hilbert problem is similar to the Riemann-Hilbert problem for orthogonal polynomials 
due to Fokas, Its, and Kitaev see also [HI- Also the solution is similar. It is built out of the Jacobi 
polynomials Pi"''^^ and P^'^f^ ■ For parameters satisfying H3.1|l . the polynomial Pn""'^^ has degree n; recall 
that there is a degree reduction if and only if ~n — a~ [3 G {l,...,n}. Therefore there is a constant c„ such 
that 

CnPj°''^^ is a monic polynomial. (3.2) 
From Theorem 12 . 1 1 and the condition 1(3.111 on the parameters, it follows that P,j"'f'' satisfies 

In-i{a,l3) ^ j^r~^P'ti\t)w{t;a,l3)dt ^ 0. 

Thus we can define the constant dn-i = —2TTi/In-i{a, f3) such that 

d„_i / e-'^Pi":p{t)w{t;a,f3)dt^ ~2TTi. (3.3) 



Then we can state the following result. 

Proposition 3.1. The unique solution of the Riemann-Hilbert problem is given by 



Y{z) 



Cn^7i (Z) Jp — ai 



(3.4) 
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Proof. The proof that H3.4|l satisfies the Riemann-Hilbert problem is similar to the proof for usual 
orthogonal polynomials, see e.g. |1U[ I22| . The condition (a) is obviously satisfied by (|3.4|l . The jump 
condition (b) follows from the Sokhotskii-Plemelj formula 

f+{t)^f^{t) + v{t), teT", 

which is satisfied for f{z) — Jp j^dt. The asymptotic condition (c) follows because of the normalizations 
(|3.2(l - (|3.3|l and the orthogonality conditions given in Theorem 12. II For example, for the (2, 2) entry of Y the 
condition (c) is 122(2) = z^" + 0(z^"^^) as z ^ 00, and this is satisfied by the (2, 2) entry of 1)3.4(1 since 

-k-l 



dt^-^l—— / t P,\_^'{t)w{t;a,p)dtj z 

e^^Pl"_:^\t)w{t-a,l3)dt\ + 0{z- 



2iTi Ir t 

k=o 



dn-l 

' 27rj 



r 



"-^) as z 



0{z 



For the first equality we used the Laurent expansion of around z = 00, for the second equality we used 

the orthogonality conditions satisfied by P^"'f on F, and for the third equality we used 1(3. 3|l . Finally, the 
boundedness condition (d) is certainly satisfied for the first column of 1(3.4(1 . It is also satisfied by the second 
column, since by analyticity we may deform the contour F from which it follows that the entries in the second 
column have analytic continuations across F. Then they are certainly bounded. 
The proof of uniqueness is as in |21] and we omit it here. □ 

Using the Riemann-Hilbert problem, we can easily prove that the orthogonality conditions in Theorem 
12.11 characterize the Jacobi polynomial in case the parameters satisfy 1(3.1(1 . 

Theorem 3.2. Assume that a, (3 £ C satisfy 1(3.1(1 . and thatT, w{z;a,(3) are as above. Then the monic 
Jacobi polynomial CnPn°''^^ is the only monic polynomial Pn of degree n that satisfies 

t''p„{t)w{t;a,(3)dt = 0, /or fc = 0, 1, . . . , n - 1. (3.5) 



r 



Proof. The orthogonality conditions ((3.5(1 are what is necessary to fill the first row of Y. That is, if 
is a monic polynomial of degree n, satisfying ((3.5(1 . then 

^ Pn{z) 
^d^^,Pt?{z) 

satisfies all conditions in the Riemann-Hilbert problem for Y . Since the solution is unique and given by 1(3. 4() 
it follows that p„(z) = Yii(z) = c„F,l"''^^ (z). □ 

4. Non-hermitian quasiorthogonality. In the rest of this paper we assume for simplicity that a and 
f} are real, although extension to non-real parameters is possible. We also take a, /3, a -I- /3 ^ Z, so that 1(3.1(1 
is automatically guaranteed. 

Since in ((2.11) we are integrating an analytic function, we may deform the universal path F freely within 
the region of analyticity. In particular, if the integrand is integrable in the neighborhood of a branch point 
(±1 or cxd), we may allow F to pass through this point, taking care of using the correct branch of the 
integrand. 

We define the following paths of integration (see Fig. 14.1(1 : Fi will be an arbitrary curve oriented 
clockwise, connecting 1 — iO with 1 -I- iO and lying entirely in C \ [—1, +cxd), except for its endpoints. The 



— f 



p„{t)w(t-a,l3) 



dt 



P<°f' (t)iu(t:Q,/3) 



dtt 
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Fig. 4.1. Paths of integration. 



circle {2 £ C : |2; + 1| = 2}, oriented clockwise, is a good instance of a curve Fi. Analogously, r_i will be 
an arbitrary curve oriented clockwise, connecting —1 + iO with —1 — iO and lying entirely in C \ (—00, 1], 
except for its cndpoints. Finally, Fqo is a curve in C \ ((— oc, —1] U [l,+oo)), extending from +ioo to —ioo 
(for example, the imaginary axis, oriented downward, might do as Fqo)- 

In what follows, we denote by P„ the set of all algebraic polynomials with complex coefficients of degree 
< n (for n < we assume P„ = 0), and by P* = P„ \ P„-i, the subset of polynomials of degree exactly n. 
Also, for c G R, we use [c] to denote the largest integer < c, as usual. 

The following theorem shows that for certain combinations of parameters a number of orthogonality 
relations are valid on F_i, Fi, or Foo- These are called quasi-orthogonality relations, since in general 
there are less than n conditions on the polynomial Pi°''^\ so that these relations do not characterize the 
polynomial. When integrating over Fg, s G { — 1, 1, 00}, we mean by w{t; a, (3) a branch of the weight function 
(1 — t)°'{t + lY which is continuous on F^ \ {s}. 

Theorem 4.1. Assume that a, /?, a + /? G M \ Z. 

i) Ifn + (}> —1, and k = max{0, [— then 

f q{t)P^-^^){t)w{t;a,k + P)dthl I'llr"-"' (4-1) 
Jr_i [7^0, VgGP„_fc. 

ii) Ifn + a> —1, and k = max{0, [—a]}, then 

j q{t)Pi-'^\t)w{t;k + a,(3)dt[= l l'' HT'-' ' (4.2) 
^ri [7^0, VgGP„_fe. 

iii) //n + a + /3 < — 1 and m = min{n — 1, [— (n + a + (3 + 1)]}, then 

^ q{t)Pi'''^\t)w{t;a,l3)dt = Q, VgGP„. (4.3) 
// additionally, n + a + (3 < —n — 1, then 

q{t) Pir^^\t)w{t; a,/3) d J = ° ' ^'^ ^""^ ' 
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Proof. Assume that for a polynomial q G P„ the function f{t) — q{t)Pn°''^\t)w(t; a, P) is integrable at 
t — —1. Then we can deform the path T in (|2.1|l into r_i traversed twice (in opposite directions), so that 

fit)dt={e'^^f' -1) f f{t)dt. 



If n + /? > —1, then k = max{0, [— /3]} E {0, 1, . . . ,n}, k + f3 > —1, and the intcgrability of / at —1 is 
guaranteed taking 



qit) = {t+ l)V(i) , r G Vn-k 



Then, 



(Z(i)Pi"-« {t)w{t; a, p) dt = {e'^^^ - l) / q{t)Pi^^^'> {t)w{t; a, p) dt 



^^^0-1) / r{t)Pi''^'^\t)w{t-a,k + P)dt, 



and H4.1fl follows from Theorem 12. II 

The proof of (|4.2|l follows by reversing the roles of a and /3. 

The proof of part iii) uses similar arguments. If for a polynomial q, n + a + /3 + degg < —1, then 
/ = qPn°''^^w{-; a, /3) is integrable at oo, and we can deform the path F in H2.1|l into Too traversed four times 
(two in each direction), each time with a different branch of the integrand. Then again 

[t)P^'^-f^\t)w{t;a,P)dt ^ c I q{t)P^^^'^\t)w{t;a,P)dt, c ^ 0. 



In particular, n + Q; + /3 + m< —1, and we may apply (|2.1() with k — . . . ,m < n — 1 to establish (|4.3|l . 
Furthermore, if n + a + /3 < — n — 1, then H2.1|l can be used up to fc = n. This concludes the proof. □ 

Remarks: If— l<rt + /?<0, then max{0, [— /3]} = n, and l|4.1|l is reduced to a single condition, 

P^°'-^\t)w{t-a,n + P) dt^O. 

An analogous degenerate situation is observed when —1 < n + a < 0. On the other hand, if —n — 1 < 
n + a + P < —1, the integral in H4.3() diverges for q G P*„-|_i. 

5. Orthogonality on a single contour. Sometimes it is possible to obtain a full set of orthogonality 
conditions on F_i, Fi or Fqo- 

Theorem 5.1 (Non-hermitian orthogonality) . // for a, /3, a + /? G M \ Z, at least one of the following 
conditions is fulfilled: 

a > -1, P>-1, 2n + a + P<0, (5.1) 
then J acobi polynomials Pn"'^^ satisfy a full set of non-hermitian (complex) orthogonality conditions: 

q{t)p('^-0Ht)wit;a,P)dthl^ ''^l:-'^ (5.2) 



where 



if a> -1, 
if P> -1, 
if 2n + a + P <0. 
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(If —1 < 2n + a + P < the integral in 1)5. 2|l diverges for 7 = Too and q € P* 

The conditions ()5.2|1 characterize the Jacobi polynomial P^'^^ of degree n up to a constant factor. 
Proof. This is an immediate consequence of Theorem 14. II since under our assumptions, fc = in (|4.1(l - 

(14.2(1 . It is straightforward to show that orthogonaUty conditions in 1(5.2(1 are equivalent to ((3.5(1 . and thus 

by Theorem 13.21 characterize the polynomial □ 

The following result, describing the real orthogonality of Jacobi polynomials, is classical, but we put it 
within the general framework. 

Corollary 5.2 (Real orthogonality). If for a, (3, a + (3 e R\Z, two of the three conditions in ((5.1(1 are 
fulfilled, then Jacobi polynomials P^"''^'' satisfy a full set of orthogonality conditions on the real line: 



(If —1 < 2n + a + (3 < the integral in ((5.3(1 diverges for q G Pjlj j. 

The conditions ((5.3(1 characterize the .Jacobi polynomial P^'^'^ of degree n up to a constant factor. 

Proof. This is a consequence of Theorem 15.11 For instance, if 2ri + a + /3 < 0, by ((5.2(1 we have non- 
hermitian orthogonality on Too] if additionally a > — 1, we can deform Too into [1, +00) traversed twice, and 
the statement follows. □ 

6. Multiple orthogonality. Theorem 15.11 provides orthogonality conditions, characterizing Jacobi 
polynomials when their parameters belong to the region in the {a, /3)-plane given by at least one of the 
conditions 1(5.1(1 . 

For other combinations of parameters we still have some orthogonality relations according to Theorem 
14.11 but each of the three orthogonality relations ((4.1(1 . 1(4.2(1 . 1(4.31) does not give enough conditions to 
determine Pi"'^'' by itself. However, the three relations taken together give n or more relations for P^'^\ 
They constitute what we call a set of multiple orthogonality conditions. In many cases there will be more 
than n conditions, so that the relations of Theorem 14. II overdetermine P^'^\ 

We are going to discuss this in more detail now. 

6.1. Multiple orthogonality as an alternative to orthogonality on a single contour. We will 
consider the following subcases of the situation, described in Theorem 15. II 

Theorem 6.1. Let a, l3,a + f3 G M\Z such that exactly one of the conditions ((5.1(1 is satisfied, and such 
that either —n < a < — 1 or —n < /3 < — 1. Then 




gePn 
q^K 



(5.3) 



where 




(5.4) 
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and 




(6.2) 
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where the corresponding parameters are gathered in the following table: 



Cases 


7 


A 


"1 


Pi 


k 


a > 


-1, -n< P < -1 




[-1,1] 


a 




^[- 


-P] 


[-P] 


/3> 


— I, —n < a < — 1 


r-i 


[-1,1] 


a + [—a] 




P 




[~a] 


2n + a- 


F/3 < 0, -n < /3 < -1 


Too 


(-CX), -1] 


a 


P 


^[- 


■P] 


[-P] 


2n + a^ 


- j3 <Q, -n < a < -1 


r 

^ oo 


[l,+oo) 


a + [—a] 




P 




[-«] 



f// -1 < 2rt + a + /3 < the integral in Hf).2|l diverges for q e P*_j,/ 

/n each case, these multiple orthogonality conditions characterize the Jacobi polynomial P^"''^-' of degree 
n up to a constant factor. 

Proof. Assume for instance that /3 > — 1 and —n < a < — 1. Then we have on the one hand by Theorem 
lOthat 

/ q{t)Pi"^^Ht)w{t;a,P)dt 

and on the other hand by Theorem 14. II iiV that 

/ qit)P,['^^^^t)w{t;a + k,(3)dt 

where k = [—a]. By Euchd's algorithm, any q G P™, m > fc, may be represented in the form q{t) = 
(t - l)^r{t) + s(t) with r £ Vra-k and s e Pfe-i. Thus, is equivalent to lElI and 

/ q{t)P!r^^\t)w{t;a + k,(3)dthl^ (6.5) 

Since in (|6.4|I - H6.5|I we can deform the path of integration and the functions are integrable at the singularities 
ifcl. these two identities are equivalent to (|6.2|l with A — [— 1,1],q:i = a], and /3i = /9. Thus, H6.1|l - H6.2|l 

are equivalent to and they characterize P^'^'' up to a constant factor by Theorem l5.1l 

The other cases are handled in a similar fashion. □ 

Theorem 6.2. Let a, /3, a + G M\Z 6e such that -n<a + P + n<-l and either a> -I or P > -I. 
Then with m — [— (n + a + /3 + 1)], 

/ qit) Pi^'-'P^ {t)w{t- a,P)dt = 0, qeFra, 

J A 

and 
where 

A= [l,+c»), 7 = ri, ifa>-l, 
A- (-00,-1], 7-r_i, ifP>-l. 

In each case, these multiple orthogonality conditions characterize the Jacobi polynomial Pri"''^^ of degree n 
up to a constant factor. 

Proof. This is a corollary of Theorem 15.11 and (|4.3|) . □ 




(6.3) 



= 0, gGP„-fc-i, 
7^0, gGP;_„ 



(6.4) 
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6.2. Multiple orthogonality when there is no orthogonality on a single contour. As we have 
seen, in the cases analyzed so far the multiple orthogonality was in a certain sense "optional" : whenever at 
least one of the conditions in (|5.1|) is satisfied, we can restrict ourselves to orthogonality on a single contour 
r_i, Fi or Too, as in Theorem 15 .11 In the remaining cases there are quasi-orthogonality conditions on r_i, 
Fi and Too as specified in Theorem l4.1l but we need at least two of these sets of quasi-orthogonality relations 
to characterize the Jacobi polynomial. 

So in this part we assume that «<— 1,/?<— 1 and 2n + a + jS > 0. In our next result we consider 
cases where the parameters are such that a combination of two of the cases in Theorem 14 . 1 1 give at least n 
orthogonality conditions. The theorem says how to obtain from that n conditions that characterize P^'^\ 

Theorem 6.3. Let a,l3,a + (3 & such that a < -I, 13 < ~l and 2n + a + /3 > 0. 

i) If a + (3 + n> —1, then 



and 



l{t)Pi,''^P\t)w{t-a,l3+[-P])dt = 0, geP[_„]_i, (6.6) 
q{t)Pi^'^\t)w{t-a + [-a],P)dt^Q, g £ P[_0]_i , (6.7) 



q(t)p(r^P\t)w{t,a+[-all3+[-P])dt\ 9eP„-[-„]_[-,]-i, ^gg^ 



ii) If a < —n, then 



-1 

q{t)Pi'^-'f'\t)w{t-a,P+[-f3])dt^Q, geP[_„]_„_i, (6.9) 
q(t)Pi"^«(t)u;(t;a,/3)di-0, g G P[_0]_i , (6.10) 



z(t)p(-«(t)i-"+[-"l«;(t;a,/3+[-/3])dt | " 'J ' ? ^ , 

1^0, g e P2,i-[-a]-[-/3] • 



iii) If (3 < —n, then 



.11) 



q{t)Pi'''''Ht)w{t;a+[-a],l3)dt^0, g e P[_^]_„_i , (6.12) 
qit)Pjr->'Ht)w{t;a,P)dt = 0, geP[-„]-i, (6.13) 



and 

qit)Pi'^'^Ht)t-+i-^^w{t;a+[^a],(3)dt (=^' ^ , ^g^^^^ 

In all three cases, these orthogonality conditions characterize the Jacobi polynomial Pn"''^^ of degree n 
up to a constant factor. 
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Proof. Indeed, by parts i) and ii) of Theorem 14.11 we have 



q{t) p(-« it)w{t; a,P+ dt { J' ^ ' (6.15) 



and 



qit) Pt^Ht)wit- a + [-«],/?) dtlj; [-"1-^ ' (6.16) 

/ 0, qe"* 



' n — — a 



Since [—a] + [— /3] < n, we obtain (|6.6(l and H6.7|l . For q e Pn-[-a]-[-f3], we take the polynomial {t—l)^^"^q{t) 
in H6.6|l and deform the contour r_i to [—1,1], to obtain H6.8|l as well. 

To prove that the conditions characterize the Jacobi polynomial, let Pn be a polynomial of degree < n 
that satisfies (|6.6|l . H6.7|l . H6.8|l . These conditions imply (|6.15l) and 16.16|l . and passing to the contour T, we 
obtain 

^ qit){t + l)^-^^p,,{t)w{t, a, I3)dt = 0, g e P„-[-/3]-i, 

and 

^ q{t){t - l)[-"W(<)u'(t, a, P)dt = 0, (7 e P„_[_ci-i. 

Thus 

q{t)pn{t)w{t, a, /3)di = (6.17) 



for every q e P„_i of the form q{t) (t + l)[-''lr(i) + (t - l)[""ls(t) with r e P„_[_/3]_i and s e P„_[_a]_i. 
The linear mapping 

Pn-h/3]-i X P„-[_„]-i ^ P„-i : (r, s) ^ qit) = {t + l)^-^^rit) + (t - l)i~''h{t) (6.18) 

has a kernel consisting of pairs (r, s) such that {t + l)^^^^r{t) + (t — l)[^"l.s(t) = 0. Then it is easy to see 
thatr(t) = (t-l)[-"lp(i) and s(t) = -{t + 1)^-1^^ p{t) with p G P„_[_„]_[_^]_i. So the kernel of the mapping 
(I6.18() has dimension n ~ [~ce] ~ Then by the dimension theorem from linear algebra the range of 

the mapping (|6.18() has dimension (n — [— /3]) + {n ~ [~a]) — {n — [—a] — [— /3]) = n, and so the mapping 
is surjective. It follows that (|6.17(l holds for every q e P,i-i, and then it follows from Theorem 13.21 that p„ 
is a multiple of the Jacobi polynomial of degree n, so that the orthogonality conditions H6.6|l . H6.7(l . H6.8(l 

characterize P^'^^ up to a constant factor. This proves part i) of the theorem. 
The other parts are proved in a similar way. □ 

What remains is the case where the parameters are such that we need all three cases of Theorem 14. II in 
order to obtain at least n conditions on P^'^\ 

Theorem 6.4. Let a, /3, a + /3 e M \ Z fee such that a > —n, j3 > —n and a + (3 + n < -1. Then the 
following hold: 



j[t)P^^'l'\t)w{t-a,p+[-p])dt =0, gGP„_[_^]_i, (6.19) 



q{t)Pi'^'P\t)w{t;a + [-alP)dt =0, g G P„_[_„]_i , (6.20) 
ri 
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and 

q{t)Pi'''^\t)w{t;a,P)dt ^Q, g £ P[_„]+[_/3]_„_i , (6.21) 

and these orthogonality conditions characterize the Jacobi polynomial Pn"'^'' of degree n up to a constant 
factor. 

Proof The relations H6.19|l - H6.21|l were already established in (|4.1I) - (|4.3I) from Theorem HH 
To show that these conditions characterize the Jacobi polynomial, we assume that p„ is a polynomial of 
degree < n, that satisfies (|6.19|l - (|6.21(l . Passing to the contour F, we then get that 

J q{t)pn{t)wit;a,(3)dt = (6.22) 

for every polynomial q satisfying either q{t) = (t + l)^^^^r{t) with r e Pn-[-/3]-i, or Qit) = (t ~ l)^^"'s(t) 
with s e P„_[_„]_i, or q{t) € P[_a]+[-/3]-„-i. 

In the rest of the proof we will show that every polynomial of degree < n — 1 can be written in the form 

(t+l)[-'31r(t) + (t-l)[-"ls(i)+g(i) 

with r G P„_[_^]_i, s e Pn-[-a]-i a-iid q G P[-a]+[-fj]-n-i]- Having that, we get that (|6.22() holds for every 
q G Pn-i, and this characterizes the Jacobi polynomial up to a constant factor by Theorem 13. 21 
So we want to prove that the linear mapping 

(6.23) 

(r, s, q)^{t+ l)[-'91r(t) + (t - l)[-"ls(t) + q{t) 

is surjective. Since it is a mapping between rt-dimensional vector spaces, it suffices to show that (|6.23|l is 
injective. 

Assume that {r,s,q) belongs to the kernel of H6.23|l . We are going to count the possible sign changes 
among the coefficients of {t + l)^^^^r{t) + q{t) = —{t — l)[^"ls(i) with respect to the standard monomial 
basis. Here we use the following lemma which can be found, for instance, in jZHt Section V, Ch. 1, problems 
4 and 32]. 

Lemma 6.5. // 

n n+1 

p{z) = OjZ-' and (z + \)p{z) = bjZ^ , 
j=o j=o 

then the number of sign changes among the bj 's is not more than the number of sign changes among the 
Oj 's. 

Applying the lemma [—(3] times, we get that the number of sign changes among the coefficients of 
(t+l)[^'^lr(f) is at most the number of sign changes among the coefficients of r{t), which is at most n—[—0\ — l, 
since r G Pn-[~0]-i- When we add a polynomial of degree < k — 1, the number of sign changes among the 
coefficients can increase with at most k. Hence, — (t — l)[^"ls(<) has at most n — [— /?] — 1 + [—a] + [— /3] — n = 
[—a] — 1 sign changes among its coefficients. Then by the Descartes rule of signs, see e.g. |2H1 Section V, 
Ch. 1, problem 36], —{t — l)[^"ls(i) has at most [—a] — 1 positive real zeros, counted according to their 
multiplicities, unless it is identically zero. So we conclude that s = 0. Then also r = and q = 0. This 
shows that (|6.23(l is indeed injective, which completes the proof of Theorem 16.41 □ 

To summarize, the paths of orthogonality, corresponding to different cases studied, are represented 
schematically in Fig. 16.11 
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a + p = -l-n 



a + p = -2 n 



Fig. 6.1. Contours with orthogonality conditions (black dots denote —1 and I). 



7. Zeros. Finally, it is interesting to discuss the implication of the orthogonality relations derived to 
the location of the zeros of the Jacobi polynomials. 

Standard (hermitian) orthogonality conditions with respect to a positive measure on the real line yield 
a lower bound (and in some situation, the exact number) of different zeros of the orthogonal polynomial on 
the convex hull of the support of the measure of orthogonality. For instance, by a classical argument, if two 
of the three conditions in H5.1|l are fulfilled, orthogonality (|5.3|l ensures that Pn"'^'' has exactly n real and 
simple zeros, all located in the interval A given by (|5.4|l . 

In the situation of Theorem l6.ll that is when (a, (3) or {f3, a) G (—1, +oo) x (— n, —1), quasi-orthogonality 
(|6.2|) implies that Pn"'^^ has at least n ~ k different zeros on (—1, 1), where k = [—a] if —n < a < —1, and 
k = [-13] if -n < /3 < -1, see 0. 

Finally, in the situation of Theorem 16. 31 a, /? £ {—n, —1) and a + P + n > —1, we have that Pr^'^^ has 
at least n — [—a] — [— /3] different zeros on (—1, 1). 

In the other situations we have no quasi-orthogonality on the real line, and the information on the real 
zeros is void. 

It is interesting to compare these values with the well-known Hilbert-Klein formulas (2HI Theorem 6.72] 
that give us the exact number of zeros of P^'^^ on the real line. It is sufficient to restrict our attention to 
[—1,1], since the other two intervals of R can be analyzed similarly. 

Following ^ , let 



and let even(u) (resp., odd(u)) be the even (resp., odd) value from the set {u,u + 1}, when u G N. Then the 




0, if u < 0, 

M - 1, if u G N, 
[u] , otherwise. 
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number of zeros of P^"'^^^ in (—1, 1) is given by 

_ feven(£;( l^"+"+^+t'°'"'^''^0 )' 

'^~|odd(i;( i^"+"+^+^i-HH^i+i ))^ if,„(«,^)<o, ^^-'^ 

where K„(a,/3) = (-l)"(a + 1) ■ ■ ■ {a + n){f3 + 1) ■ ■ ■ {(3 + n). 

It is straightforward to check that N is positive only in one of the foUowing cases: 
• a,/3 > —1. Then = n, as ensured by l|5.3|l . 

(a,/3) or {P,a) G (— l,+oo) x (— n, — 1). For instance, if /3 > — 1 and —n <a< —1, then 



^ ,'|2n + a + /?+ 1| - |a| - + 1\ . 
E ' — — =[n + a + l] = n 



since for a < 0, [a] + [—a] = — 1. In other words, this value matches the lower bound on the number 
of zeros N, predicted by the quasi-orthogonality relation on [—1, 1] given in Theorem 16. II 
If a, /3 e (-n, -1) and a + (3 + n > -1, 

^ , |2n + a + /3+ 1| - |a| - |/3| + 1\ j [n + a + /3 + 1] = n - [-a - P] , ifa + /3^Z, 
E 



\n + a + f3, otherwise. 
Observe that for a = a + [—a], (3 — f3 + [—f3], 

(-l)"-[-"l-[-''l«„(o,/3) 

= (-a - 1) • • • + 1) • • • (a + n){~f3 -!)■■■ {-fi){p + 1) • • ■ (/3 + n) > . 

Since n- [-a- /3] < n-[-a] - [-/?] < n-[-a- + we get from ifTT) that N = n-[-a] - [-/?], 
which coincides again with the lower bound on the number of zeros, predicted by Theorem 16.31 
Thus, quasi-orthogonality sheds a new light on the Hilbert-Klein formulas, explaining the lower bound 
on the number of zeros on R. 

This connection seems to go beyond the real zeros. In the example in Fig. I7.l| thc number of zeros on 
[—1,1], r_i, and Fi matches the number of orthogonality conditions on the corresponding curves, given 
by Theorem 16.31 We cannot prove this experimental fact, but we expect to be able to establish this in an 
asymptotic sense by means of the techniques from |23|-|26|. 
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